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1. Electrostatics
A charge is a piece of matter that attracts and/or repels other charges.

The SI unit of the charge is the coulomb.

1.1. Charge Properties
1. The sum of all electric charges in a closed system is constant.
e Charge is conserved
2. Charge is quantized
e Charge is quantized into units of the elementary charge: e = 1.6 x 1071° C

1.2. Charge density

Line charge
Aq , C
Pr= %0 Al // m
Surface charge
Aq , C
Ps = A0y o/ 2

Volume charge

1.3. Current
Current occurs when charges move.

d@
dt
1.4. Coulomb’s Law

I q193 4
—R
dre, R?

F1e2 =

R is a unit vector pointing from charge 2 from charge 1.

1.5. SI Units

Quantity | Unit
Length m
Mass Kg
Time S
Current

gp = 8.85 x 10712 F/m

1.6. Electric Field

n
Z Qth
4me, Rk

=4 ) o3l
; dmeq Ry



oS}

= qt
Therefore, F' = ¢, E, where E is the electric field.
Now, to operate over a continuous charge distribution py,, over a small region:

q~ pV(xaya Z)(A.TC X Ay X AZ)

AV

Over a single element, then, the force on ¢, is:

o AV .
AF — 1 Qt(pV(xvsz)) VR
dre, R?

Where R = 7 — 7, where 7 is the position of &, and 7 = (z, v, 2)

Then:
_ Z 1 th A
dre, R2
1 99 4
=q— =R
qt 471'50 R2
Then,

' 1 pV(F,> (. /
E = R(r")dv
/VR<7~'>2 "

Similarly, over a surface:

And over a line:

1.6.1. Example
p, 1s constant.

i 1 pe(r’) A
B = Rd?
47‘(80/6 R?
1 .
dmeq J,

Now, see that 7' = (z,0,0), and 7# = (0, 0, d), alternatively written ¥ = z’% and 7 = d2.
Therefore, R = v/d? + 2’2, and

N 1
Re——" (204
\/d2+$’2( )

Then, integrate from —L to L over z’

_ Pe /L (_x707d) dz
dmeg J_p (d? +x/2)3/2

4



Notice that z is an odd function, and is then multiplied by an even function of z’, and therefore the integral does
not need that component, as you are integrating symmetrically across an odd function

L
d
Pe / (ana ) dz

 4me, L (d? _|_x/2)3/2

L
even function, linearity__ 2p, (0,0, d) / ; dz
TE o (d2 _|_$/2)3/2

_ lpy
 2megdvVd? + 2

1.7. Force
The force on a charge at position 7 with charge ¢ is F(7) = qE(7).

1.8. Divergence

1.8.1. Example
Divergence of the electric field for a point charge.

Let use express this in spherical coordinates:

2o [T 47r€0r2]

Assunie r#0 1
= .
=0
This is true while r # 0.

Let V be a spherical volume of radius R.

/V-E’d’u
1%

Let S be the surface of a sphere of radius R. By the divergence theorem:

=fEda
S

dd = R?sin(0) d0 de?

Note that

Then:



= o
So we know the integral, and the point at everywhere but » = 0, and therefore:

7 q .., q
V.- E= %5(7') = gé(x)é(y)é(z)

0 is a object such that

and Vz # 0,0(x) = 0.
Then,

1.9. Inverse square law is unique for a point charge
Note that if you have a function defined A(7) = L7, then V - A7) = amd(?).

Let A(7) = f(|7|)# (A is radially symmetric). If V - A(7) = c¢8(7), then A(7) = o=t

1.10. Gauss'’s law

4re, R?
1 =/

dmey Jy, R
1

=/ I A ’
N dmeg /Vp(r )(V R? R) dv

This works because V is differentiating with respect to (z, y, z), but we are integrating over (z’,y’, z’).

1 % P~ ’

= Ireg /Vp(r )(4md (7 —7")) dv
1 —/ 5 oy /
- VP(T )(6(F —7)) dv



Therefore:

€o
# E . ﬁdS _ Qenclosed
€o
1.11. Curl of the electric field
Let
= q 1,
E = il
dre 2 r
Then
b
/ E-d¢
See that
Al = dr# + r d68 + rsin(8) dpp
Therefore:

b

qg 1
= —d
/a dmeg 12 "

b

q 1
=— [ —d
47”50/(1 rz
_q (1 1)
 dmeg\a b

Notice that the integral does not depend on the path one takes through the electric field. Therefore, the integral
from a point to itself is zero.

Therefore, for a closed path P:

fﬁ-dé'zo
P

This is true for all electric fields as all electric fields are composed from individual point charges. This implies
that the electric field is a conservative field.

Then, take the surface integral over a surface S where the boundary of the surface is the closed path P.

#Vxﬁdazo
S

Take for example:



#S £(3) dé

Since S can be any surface, this implies that f(Z) = 0, for any Z.

By the same principle, V x E = 0.

1.12. Planar Symmetry
If p(z,y, z) = p(z) (or if you can transform the distribution to be in such a form), then you have planar symmetry.

An example of planar symmetry is on an infinite plane with surface charge density o.

// E .dg = Qenclosed
€o

E(z,y,2) = E(z) = E(2)2

Under planar symmetry:

Intuitively, this is because you can always do a change of variables, since p(z,y, z) = p(z), and then, since it is
constant on some particular plane, there are always opposing forces.

Consider a generalized cylinder extending from —z to z.

/E-dZ= /top—l—/bottom+/sides

Notice that E - dd = 0 for the sides of a cylinder. This is because E(z) = +2 but da is not at all in the z direction.

Therefore:
/sides =0
Further:
/top = / E(z)dzdy = E(z)/ dzdy = E(2)A
top top
/bottom = E(—2)(—1)dzdy = —E(—=2) / dedy = —E(—2)A
bottom bottom
/top + /bottom = A(E(z) — E(—=))

Furthermore, if you assume you have inversion symmetry (p(z) = —p(—z), and thereby E(z) = —E(—z2)):

—

/ E-df = 24E(2)

Plugging back into Gauss’s law:

fﬁ .dag = Qenclosed

€o
Let us use the example of the planar symmetric on an infinite plane with surface charge density . Then:

cA

2AE(z) = 6
0



1.13. Spherical Symmetry Example
%E_’ .dg = Qenclosed

€o
Assume spherical symmetry:
p(r,0,¢) = p(r)
Therefore
E(r,0,¢) = E(r) = E(r)?
You can see E(r) = E(r)# by considering a series of circles, all of which sum to zero in the direction that is not 7.
Consider the surface that is a sphere of radius r.

27 ™
/ / E(r)r?sin(6) df dp#
0

0

27 g
=E(r)r2f°/ / sin(6) df dy
0

0
= E(r)r*f4n

= 4nr?E(r)?

Applying Gauss’s law then implies:

47T7‘2E(7‘) — Qenclosed
€o

Qenclosed
E — enclose:
(r) dmeyr?

Assume you have a spherical shell with total charge Q and radius R.

When r > R, Quposed = @ iMplies
E(r)= %17"2
When r < R, Quciosea = 0 iMplies
E(r)=0
1.14. Showing Kirchhoff's Voltage Law
We know that
VXxE=
E =—VV(#)
b
W = —[ F-d¢



Therefore

Furthermore, let P be some closed path.

Split this path into parts P:

We have now shown KCL.
1.15. Point charge electric potential
Assume you have a point charge of charge ¢ is at the origin.

Then, let 7 be the place where we which to see the potential, and we measure the potential relative to a point at
infinity, since the electric field decays to zero at infinity:

dmeyr

We can shift this to any point #/, so V (¥) 1

= dey|P—7|

10



If we have multiple point charges, we can just sum:

1 q;
V(#) = i

1.16. Distribution integral for electric field
Consider a volume V' with a continuous charge distribution p,, (7).

1 =/
V(F) = ]# Poll")
dreg JII, |7 =7

1.17. Flat circular disk with uniform surface charge
Consider a flat circular disk of radius b with a uniform surface charge . Call the disk S. Calculate the potential at
a point height z over the center of the disk.

Then:

§=(s"cos(¢’), s sin(¢’),0)
1 7
V()= —— ———da
e #g"sﬁ—m ¢
1 27 b )\
= / / A—/AS/ ds’ ng/
dmey Sy  Jy |22 — 2

A 2m b /
- / / L ds'dy’
471-50 0 0 22 + 5’2

= i(\/m— \z[)

2¢eg

To find the electric field:

Fe—vv=_¥
dz
__AL(L_ n<z)>
250 ‘/22+b2 g
. A (sgn(z)|2| )
= —Z—| ——— —sgn(z
o, (Vs e
LA

2] )
=—5gn(2)f— | —=—1
()5 (s

Notice that this field is discontinuous at the surface charge distribution (the vector flips sign). This is true in
general!

1.18. Surface charge distribution

Consider a charged surface S, and some point p on that surface. Construct a generalized cylinder from a surface
of an area A of length £ centered at the point p, small enough so that the surface charge density is a constant,
ps. Consider the electric field E'P on the top of the cylinder, and EP°!*™ at the bottom of the cylinder.

E .dag = Qenclosed
€o

Then, by Gauss'’s law:

1



# E’d&—l—# E‘da+# E_da:Qenclosed
to bottom sides €o

P
We will be doing this at the limit for a very small cylinder, so £ — 0. Therefore, #Sides E -dd — 0.

# E .dd + # E .dg = Qenclosed
top b €o

ottom

Split the electric filed into two vectors, E = E| + EH' so that E| -7 = E,.;, (the perpendicular vector is in line
with the normal vector).

Therefore:

L o Q
E J_OP # da — Eﬂa_ottom # da = enclosed
top bottom €o

top [bottom A __ A
€o

E’vtfp . Eﬂh)_ottom — Ps

€o

So there will always be a discontinuity in the electric field after passing through a surface.

Conversely, consider a surface charge distribution, and then consider a centered perpendicular rectangle through
the surface charge distribution.

Then:

?{E-dé’:o

Consider the same electric field. Then, on the segment at the top, it's going some direction, and the segment at
the bottom is going in the opposite direction. Denote the vector of the top segment to be ‘. Alternatively, consider
the vertical component to have length 2d and vector direction 7. Notice that E| - 7 = ‘EL ’ Then, take the integral
over the individual segments. Assume all vectors here have length small enough so that the change in the electric
field over the length is irrelevant. Then, take the integral:

(-E” —dn- EY® —df- EY"™ — (. E|™ + di- EY* + di - B =0

Consider this as d — 0:

~
o
g
bl
|
~
i
g
kol
I
o

Since this was true for any vector ¢ we have:

1.19. Work to put charges in a place
Consider you have two charges ¢; and g,. First, place them infinitely far away.

Move ¢, to r;. No force is applied so zero work occurred.
Then, move g, to r:
Uil

12



_ 4192

If you had 3 charges, then:
W= 4192 I 4193 4293

o dmeglrg — | Ameglrg — | 4Ameg|rs — 1o
Define

q;9;
47r50|rj -

VVij: ‘
KA

Notice W,; = W),. Therefore, where W, is the work done to add the ith charge:

1

<.
Il

In sum:

3
S
I
—
-
|
—

Further:

J=11=75+1 j=11i=5+1
Then, we sum the sums:
i—1 i—1 -1 n
2w DIPINEDS
=2 j=1 j=1i=j+1 i#j
Therefore,
1
W= ) Z Wi
i#
1 & .
= 5 Qz‘é(’rz)
=1

Where V,(#,) is the potential of all charges except i.
Let us instead take this over a continuous charge distribution:

1

W=§/mawm®

We also know that

V() = 1/ﬂﬁm/
dmey ) |F—7|

dd
24%50// "’] ver

13
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1.19.1. Example
Find the energy required to assemble a uniform spherical surface of radius b and total charge @ which is uniformly

distributed.

We know that p(7) = % = o

1L Q_ _1.@Q
R — b*

4meg

Then the potential on the surface is V =

Then

And then due to spherical symmetry:

Notice thatas b — 0, W — cc.

1.20. Energy stored in the electric field
Consider the integral over the entire space, when p(7) is only defined for finite 7:

1
5 [PV dr
Then:

o) = €0V - B(7)
W= %/eov EH V) dr

- %0 (V-E@®)V(F)dr

Then it is true that:

For any scalar field V (7) and vector field E(7).

Therefore:

And further:

14



=% [/v- (VHER) dr — /E(?) - (VV(F))dr]

o |8

[ f V) B () di — / BG) - (V@) dr]
Then:

%V(?)E(F) dd =0

Intuitively, this is because area scales with r2, but the electric field and the potential scale with T% and -

respectively, and r? < r3.

W = —%0 E(®) - (VV(®) dr
- _%0 E@) - (-E(®)dr
- %0 E(F)2dr

Therefore, in sum:

And therefore, energy density is':

o _ EoF (7)?
u(i) = 2=

1.21. Conductors
Electrostatically, £ = 0 inside a conductor.

Property Insulator Conductor

Electrons Bound Free

Charge motion Very limited Free to move
Response to electric field | Weak polar | Charge rearrangement

Table 1: Comparison of insulators and conductors

In electrostatics, free charges move until they cannot any further, which is equilibrium.

Electrostatically, £ = 0 inside a conductor because if E # 0, the free electrons inside the conductor would move

(F' = qE), which cannot happen statically (no time dependence).

Since, inside a conductor, EE = 0, there is no charge inside the conductor, by Gauss’s law. This implies that all the

excess charge in the conductor is at the surface of the conductor.

Further, from gauss’s law, p = 0 since V- E = 2.

€0

Though, this does not mean that there are no charges inside the conductor, it just means that the positive lattice

ions and free electrons cancel exactly.

Since V(a) — V(E) = f; E-df, and E = 0, any two points inside a conductor are at the same electric potential

(when static).

'This derivation used a p defined only on a finite space, but this statement generalizes, and can be directly derived.
15

1



Furthermore, since for a surface charge distribution Eﬁop = E"""“"m, a conductor just has a surface charge, and
Eﬁ)omm = 0, then Eﬁc’p = 0, and therefore the tangential component of the electric field at it’s surface is zero.

1.22. Capacitor
Consider a conductor with surface charge distribution:

ps = Psq

Such that #s @, da = 1. This @4 is unique, since the surface is at equal potential.

/q@sda:q

Thereby:

Then:

oo
10}
_ q _ S_’ d(_i/
dre, |a — 7|
Then we say
qg=CV,
And therefore:
1 i)
i f - S_) da/
C 4rme a—r

Because it is a surface of a conductor, the surface is at the same potential, so the location doesn’t matter.

Consider two volumes, and move @ charge from volume 1 to volume 2, then potential between the surfaces:
QR = V20,

This C;, depends only on the shape of the two volumes.

1.23. Parallel Plate Capacitor

Consider two parallel conductors d apart, so large that we can consider them infinitely large for the purposes of
using Gauss's law (translational symmetry). Consider a charge +@Q on the top conductor and —Q on the bottom
conductor.

Since these are opposing charges, they attract, and so are on the inner plates.
E = E(2)2

Consider a cylinder poking into the bottom conductor.

/ %/ " // = B(:)A5
top ottom ¢ ductor sides 4ot product is zero

A bot

E(2)AS = ASps”
€o
_—Q
EB(z) = Ag,

16



Therefore

_, Q .
E=—-——
Aaoz
Now compute the potential difference:
T) — -
V=-— / E-d/
d
=— ——Z2-2%2dz
/0 Ag,
d
= & dz
Agg Jg
_ 9y
Ag,
_ Qd
 Ag,
Then:
Q_ 4
\%4 d

1.24. Spherical Capacitor
Consider a conductive sphere of radius a and an outer conductive shell of radius b.

Consider a charge of —g on the inner capacitor and a charge of ¢ on the outer capacitor.

We will use Gauss’s law with spherical symmetry.

E .dg = Qenclosed
€o

We need the electric field a < r < b to calculate the voltage difference between the two conductors. Therefore,
considera < r < b:

Consider a sphere of radius r.

Anr?E(r) = 4
€o
q
E(r) = —
(r) Arrle,




1.25. Atom Lorentz Model
Model an electron as a fuzzy spherical cloud of radius a with uniform charge around a proton.

4.3

ST —e
Arr?E,(r) = ——
3mad &g
= —Tre
E(r)=——¢
() deymal

So we can consider this as a proton-electron pair being able to be modeled as a spring with k = Tegma®

“Lorentz Model”.

Then, if you consider an array of these for a lattice, then when you apply the electric field to the object, the
“springs” move and therefore induce a charge in the insulator.

1.26. Electric dipole
Consider two charges, one at ¢ and one at —q, a distance d apart.

Set the origin at the point between them and rotate the world until they are at r, = (0,0, %) and r_ = (0,0, —%)

respectively.

Then, we can use the formula for the potential of point charges:

q 1 1 )
V= — =
47T60(R+ R~

where R is the distance between 7 and 7, and R~ is the distance between 7 and 7_.

—1/2
d2
R;l = (7”2 Fdrz + Z)

Consider r > d:

Q

Q
Sl= 3= 3=

Plugging this back in results in:

We now shall take the gradient, remembering that we are in spherical coordinates:

qd

E=_-VV =
v 473

(72 cos(6) + ¢sin(6))
Let p = ¢dZ, the dipole moment:

= 1Pl (59 cos(8) + @sin(0)

T 43 pem

18



_ P
 dme,yr2
Notice that p points from negative to positive charge, and we can now safely rotate our coordinate system back.
In general, the dipole moment is:
p=gqr
7 in this equation is the distance between the electron and the proton when under an electric field E.

The polarizability « is defined by:

p=aFE
1.27. Polarization
Let’s define the polarization vector:
>, Pr

P(7) = lim

—0 v

o

(this is over a material, but a material isn’t actually continuous, but we shall just treat it as so, so don’t go too
small on your limit. The material will have dipoles because of the Lorentz model.) And therefore:

p=Pdu
We can now plug this into our previous formula
dv L d
= -rdv
47r50r2p

Where dV is the differential voltage and dv is the differential volume.
Remember, let us be careful (this notation will kill everyone):
r=|F—7]

_ 7

=4

=

r

Where 7 is the point to be evaluated for it's potential, and 7’ is the location of the volume we are considering for
it's contribution to the potential. Therefore:

A

1 P-R
V= Ry
m%/_m v

Where

R=7—7

1.28. Effective Charge Distributions of a polarized material
qL_ R
V[Ek‘m

(where V'’ indicates we are differentiating with respect to 7/ not 7).

Then:
Vw)=4;b/i%wy<v{%]yn'

19




V' (fA)=fV-A+A.V'f

Use f = |F — 7|, and A = P, which results in:

1 P V' .P
— L dy — dv’
v 47r50</v R / R ”)
1 P v .-P _,
V_47r€0 (# 7 da—/ 7 dv)

So we can basically consider this as two charge distributions, one surface and one volume:

Use the divergence theorem:

py =—V- p
Ps = P-n
Now, it is clear that if Pis constant, py, is zero. If Pis non-constant, it also make sense that there would be a

charge distribution inside the volume because this implies that the dipoles are pointing in different directions
and so there is a net charge inside some particular volumes.

1.29. Electric Flux Density
P PrE
€o Bl €o

V.-E=

p;, are the charges that are associated with dipoles (“bound” charges) (pf are the other ones, the “free” ones).
Then p, = —V - P and therefore:

Define:

Therefore:

And further:

# D-da = Qenclosed

1.30. Linear Isotropic Homogenous Materials
In a linear isotropic homogenous material:

P= EOX(—;’E

Where yx, is the electric susceptibility. Then:



And therefore:

1 .

E=—""—
50(1 +Xe)

Define relative permittivity, €, = 1 + x,, and absolute permittivity, e = ¢4¢,:

—_

=——— D
60(1 + Xe)

1
€o&r

1~
=-D
(3

T

!

A material is called linear when the Lorentz model is valid and therefore P  E.
A material is isotropic when it doesn’t matter the direction.
A material is homogenous when it is the same throughout.

Basically everything in this class will be such (but you do need to be told it).
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2. Magnetostatics

2.1. Lorentz Force Law
Consider two wires with currents I;, I,, both pointing up. One could measure that when sgn([;) = sgn(1,), the
wires attract, and that if sgn(I;) # sgn(l;), the wires repel.

Now, we will give the Lorentz Force Law:
F=Q(vx B)

By the cross product, the force is orthogonal to ¥ and E, and so it is clear that the magnetic field does no work

—

(since the vector v is in the same direction as d¢).

A current is the number of charges moving through a surface per time:

_ 49

I=—2%
dt

Consider a surface of surface area ds. Define p, the volume charge distribution, and define % as the velocity of
the charge. Then, dQ = pu - 7 ds dt, and therefore dI = pi - fi ds.

Define J = pii, the current density. Then:

Take the integral over a surface S:

Write K = 0. Then, J = [ K -d/, and I = ).

Consider a volume V with p and i, and a small piece of that called dw.
qg=pdv

Therefore, by the Lorentz Force Law:

dF = pdv(ﬁ X B)

Which can be rewritten to:

Taking the integral:

For a surface S:

and for a line L:

For a line, I= @L and therefore:
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F = / Il x Bd¢
Statically, since under magnetostatics, I is constant:
F=1I / df x B

2.2. Law of Continuity
Consider a closed surface S, and calculate the current traveling through that surface:

I:#j.dsf

dQ = —Idt

Then:

since we have charges flowing out of the surface (as the 7 in ds is by convention pointing outwards). And therefore:

dQ = —Idt
dQ = —#j-d§dt
dQ 3
X _ b J.az
at s
dQ
& _ [v.ja
at / v

We know that Q = [ pdv.

And therefore:

Statically, charges are not changing, so:

And therefore:

O:/V-j:#j-dé’

Break the closed surface S up into surfaces S;, and therefore

02#f-d§:2/ J-d3
i S

? i

Write I, = fs. J - d3, and now we have Kirchhoff's current law:

> L =0
)
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2.3. Magnetic Field from Current (Biot-Savart Law)

L e [J@)xR
B(7#) = ﬁ/Tdv

Remember that B =7 — 7. o is called the permeability of free space. In the former definition of the ampere,
po = 4m x 1077 N/AZ2.
Alternatively one can write:
N a7 x R
B =tor [ =~
(") 4 R2

2.4. Infinite Line with current
Consider an infinite line and a point s away from it. Rotate and translate the field until the point lands on (0, s, 0)
and the line is defined by all points (z, 0, 0) for all x.

) d? x R
-t {23

Clearly, d¢’ =dz’%. Then:

R=7—17
7= sj
¥ =a'z
R=1+/52+4 2
. R
R==
R
B@) Fo * zda’ x (2’2 + s9)
7)="—
T J (s2+x/2)3/2
Ix2=0
Exj=2

And the cross product distributes!

_bop, T
AT 52 + 22

—00

_ Mo 2( 00 B —00 )
4m sVs2 4+ 002 $vs2 + 002

/’1’02

A (8)1329%2 a 8)15;2‘%2)
_ @Ig(l _ —_1>

4 s s

Ko 74 2)
20752
47 z(s
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2.5. Divergence of B

This equals zero because the curl of a constant is zero and then V x B _9

And therefore:

2.6. Curl of B
Begin with Biot-Savart:

Take curl:

Working on the subpart:

Note that, by textbook:
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Furthermore:

Therefore:

And so we derive Ampere’s Law:

V x B = pyJ(7)
2.7. Ampere’s Law (Integral Form) and Symmetries
Take Ampere’s Law:

V x B = pyJ(7)

Consider integrating both sides over some open surface S:

//S(v x B) -dgz//sugj(fa).dg
[Z(inﬂ-d§:uoléjﬁyd§
//S(V X E) ~d8 = pgLepclosed

By Stokes Theorem, consider the path P oriented according to the right hand rule for the opening on the surface S.
% B : dZ = :u’OIenclosed
P

2.7.1. Cylindrical Symmetry
Consider cylindrical symmetry, so rotating ¢ and moving z does not change the problem. If rotating the world
doesn’t change the problem, then it is impossible for B to be dependent on it. Therefore, B(s, ¢, z) = B(s).

Furthermore, B(s) must be perpendicular to I and R by the Biot-Savart law. Therefore, B(s) = B(s)¢ (since T
must be in the direction of % for there to be cylindrical symmetry, by definition).

Then, consider a circular loop of radius s. We will use the surface defined by the circle with border at the loop.

Therefore:

df = sdpd
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So:

/0 " sB(s)dy

— sB(s) /O 7

= 27sB(s)
Consider the line with current I. Here, we have I

enclose

2nsB(s) = pol

q = I, and therefore:

pol

B(s) = —

<S) 2ms
> I

B="H
2ms

2.7.2. Solenoidal Symmetry

Imagine wire wrapped tightly around a cylinder, and such an angle where the direction of the current can be
approximated well as . We again have the fact that you can rotate about Z and translate in the 2 direction, and
therefore B(s, ¢, z) = B(s).

Furthermore, B(s) = B(s)2.
Consider the path that goes up a length L (segment s,), goes to the side, then goes down (segment s;) a length

L and then goes back to the bottom of s,. Consider this path wholly outside the loop. Then, I .q = 0. The
loops that go to the side do z . 8 = 0, and so they vanish, and therefore, (LB(sy) — LB(s;)) =

&
direction of B direction of d¢

tolneoseds @Nd therefore B(s,) = B(s;). Since at infinity, the electric field is 0, then, when wholly outside the
solenoid, B(s) = 0.

Consider alternatively if s; was inside the solenoid and s, outside. Then, define n as the number of loops per
distance, and therefore, the current through this loop is nLI. Therefore:

B(sy)L — B(sy)L = poynLI
But since s, is outside, B(s,) = 0. Therefore:
LB(sy) = ponLI
B(sy) = ponl
2.8. Magnetic Vector Potential
Define A by B = V x A. Then, A is the magnetic vector potential.

IfB=V x Athen B=V x (Z + VT), as V x VT = 0, where T is some arbitrary vector-valued function. So, if
A is some magnetic vector potential, A + VT is also a valid magnetic vector potential.

2.9. Poisson Equation through Coulomb Gauge
We know that

E=-VV

and
v E="
€0



Therefore:

vV.(-vv)=£
€o
v.ovw=-2~
€o
vy = -2
€o

This equation is called the Poisson equation.

This is solvable via:

For magnetics we have:

and

And the following identity:
VxVxA=V(V-4)-V24
And therefore:
VXVxA=p,J
Note that we can always choose an A such that V - A = 0. This is called the Coulomb gauge. This then means that:
VxVxA= Lo
V(V-A) = V24 =pyJ
—V24 = toJ
V2A = —pJ

This can be written as three separate Poisson equations:

V2Aaz = _:U’OJa:
VQAy - _,U()Jy
vaz = _IU‘O']Z

and therefore, we can use the same solution:

2 o ([ TF) .,
A(F) = i /// I dv
2.10. Magnetic Dipoles
By the Biot-Savart law:




Then, consider 7' = ap, which defines a circular loop of wire with radius a. Furthermore, notice that you can assume
WLOG that the point 7 is on the xzz-plane, as if it was not, you could rotate the problem about the z axis until it
was. Call this amount of rotation ¢, (to be used at the conclusion of the problem). Then, write ¥ = pZ + 22.

First, expand R as R/R:
Ly [0 x (F—7)
BRy=rtoy [ 222" 77 )
(") 4 / R3

Then, see that we will be integrating with respect to ¢’ a circle of radius a, so therefore a7 = ady’®, and the
bounds will be 0 to 2.

27 /N ==
B(;)zﬂf/ (adg'@) x (7 —7)
0

A7 R3
ol o)
ar ), R3

Then, plug in variables, and distribute the cross product:

/

dp

 peal /2“ ¢ X (pg + 22 — ap)
T Arx 0 R3

el [T AeX 4P X —alox D),
dr J, R3

As ¢ x p = —2,and furthermore, ¢ x 2 = p. And then, for  x & = (—cos(¢))2, via & = cos(p)p — sin(p)@, and then

performing, ¢ x p = —Z and @ x @ = 0. Therefore:

 al / p(—cos(¢)?) +2(7) —a(-2)
dr J, R3 ¥

_ moal /2” 2+ (a—peos))z,
dr J, R3

Then, expand p = cos(p’)Z + sin(y’)g, and apply the linearity of the integral operator:

,anI ?7 2(cos(p')2 + sin(¢")g) + (a — peos(¢’)2 .
0 R d(p

27 AN . AP 27 N\ A
poal zcos(p')E + zsin(¢')§ | / (a—pcos(¢’))Z .
— d d
4r ( /0 R? R R v

2m AP 27 s AT 27 N\ 2
oal O g [T [ r)E
= tod R ALy eV d
4r (2</0 Ri W) TR YT R? 4

Now, to compute R. First, recall # and 7/, and recall that cos(#)? + sin(#)? = 1:

= |&|
= [F =7
= |p& + 22— ap|
= |p& + 2% — a(cos(¢’)Z + sin(p’) )]

A~

= |(p—acos(¢’))E + 22 — asin(p’)]|

_\/ —acos(¢’))? + 22 + (—asin(p))?
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= \/p2 — 2apcos(¢’) + azcos(ga’)2 + 22+ azsin(go’)2

= \/p2 — 2ap cos(¢’) + a? (COS(SD/)Q + sin(cp/)2) + 27

= /p2? —2apcos(y’) + a2 + 22

Let’s attack the integral with the ¢ term.

2m s AP
sin(@)g
/0 R ¥

27 : /
. sin(¢”) ,
_y/ 2 / 2 2 3d‘70
0 (\/p —2acos(¢’) +a —i—z)

Apply the change of variables 6§ = ¢’ — 7. Then, df =d¢’, and sin(¢’) = —sin(f), and cos(¢’) = — cos(6). Further,
the bounds change to —7 to .

<>

/” — sin(6) 0
— (\/p2 + 2ap cos(0) + a? + z2)3
)

dé

-y /7T sin(6
—r (\/p2 + 2apcos(0) + a? + 22)3

Now, notice that the this a function of only . The denominator can be thought of as a function with an input of
cos(6), and cos(6) is even, and therefore the entire denominator is even.

The numerator, sin(6), is odd. The product of an even function and an odd function is an odd function, and
therefore, the entire term is odd. Then, for any odd function f, the symmetric integral fj”y f(z)dz is zero.

Therefore, this integral evaluates to zero. Then:

2m AW 2T . AP 2 N\ 2
L gl N [T ) [0
B(7) = M09 COSW I 4 S Y g d
") = (z ( /0 ri Y| TR YT R? v

2m ’ 2m ’
poal (. [T cos(¢’) . / (@ —pcos(¢’)) . ,
4m (zx /0 R A R? i

These remaining integrals are only expressible as elliptic integrals, so it is time to begin approximating. Let r» =
v/ p? + 22. Since the point is far from the origin, r > a.

2 1.
Consider 3

1 1
RS (\/p2 —2apcos(p’) + a® + z2)3
1
(\/,02 + 22 —2apcos(p’) + a2>3
_ 1
= 3
<\/r2 (1 — (%) cos(¢’) + (%)2)>
1




=3 (1 — (%) cos(¢’) + (%)2) -

. 2 1
Since r > a, ¢ < 1, and therefore (%) ~ 0. Furthermore, we can approximate (1 + 5)73/2 ~1-— %6.

=3 (1 + ;2(1/)7“_2 cos(go'))
=7r3(1+ 3apr—2 cos(¢’))

Substitute back into the integral, first the left part:

27 /
cos(¢’) .,
) TR

27
= / cos(¢')r3(1 + 3apr—2 cos(p’)) dy’
0

27
=73 / cos(p’) + 3apr—2cos(¢’)* dy’
0

2m 2m
=r? ( / cos(¢’) dy’ + 3apr? / cos(¢’)’ dw’)
0 0

2
:3apr5/ cos(¢’)? dy’
0

3amp
- 5

r

Then, the right part:

27 /
a—pcos(¢’) .,
f, R

27
- / (@ — peos(¢’))r—>(1 + 3apr=2 cos(¢’) dy’
0
27 27 27
— 3 ( / adp + / (—p + alapr=?) cos(¢”) dp’ + / —p3ap7"2008(s0’)2d<ﬁ’)
0 0 0

o2 27
=3 (27ra +(—p+ a3apr_2)/ c de” —3ap®r~? / cos(p’)? d90/>
0

= r—3(2ma — 3ap?r—2m)
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ma(22% — p?)
5

r

Therefore, in sum:

= poal [ 3amp ma(22% — p?)
B(7) ~ ym (zx o~ +z( p

2
poa~1 . .
= ?17"5 (3zpd + (222 — p?)2)

But, recall, we rotated the world, so we must rotate it back. Let & = p:

S a’l . .
B(?) ~ Ko (3zpp + (222 — p?)32)

4r5
Define the magnetic dipole:

m=1Az%
m = Itb*Z
> oM X T

A=
4mr?
B = L% (72c0s(8') + psin()

2.11. Magnetic Materials

Imagine a material composed of a bunch of tiny current loops (magnetic dipoles). Like before with polarization,
define a magnetization vector:

M= 1 i
- Aggo Av
Consider a small volume Awv. Then:
m = MAv
R mx R
ni Polmx &)
47 R?
And then, taking it as small as possible:
e N‘OMX R /
dA d
47 R? v
Integrate:
e Ko M x R /
A="— d
47 R? v
Write:
R 1
Vv =
R2 R
Then:
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T _ Mo /l /
A——47T/M><<V R)dv
_“0 /l) /
__47T/MX<VR dv

, M 1, — — 1
VXE—}—{V xM—MxVE

—

— , 1 1, — , M
MXVE—EV x M —V XE

This results in:

-l V' xM _, Mxn
A=t [X 22 4 d
4%(/ T / R

So we have equivalent surface and volume current distributions:

jm =VxM
jm,s =M x 7
2.12. The H Field
Start with ampere’s law:
V x B = pgJ
~VxB=1J
Ho
Write:
J=J;+J,

In conductors, not every charge is free, only very few are being conducted.
This is also true in semiconductors, only the charges in the conduction band are moving, not those in the valence

band.
Via the previous, we know that J,, = V x M and therefore:

Ko
N — e’
H
Define the H field:
. B .
H=——
Ko
Therefore:
V X H = Jf

In the most general case, this is not entirely useful. But for specific materials (linear isotropic homogenous

materials) it quite useful.
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In the electric case:
Similarly, magnetically:
This results in:

B=py(1+x,)H

Note that if M « H, M o« B by the above relation.

Define:
pr = 14X,
H= Koty
And therefore:
B=puH

In electrical materials, x, is usually small® and always positive, but in magnetic materials, it can be classified:

Category Sign Size

Paramagnetic | x,, > 0 [ x,,, is small

Diamagnetic | x,, < 0 [ x,,, is small

Ferromagnetic | x,, > 0 | x,,, is large

2.13. Ohm’s Law

Use u for velocity.

In a broad class of materials:

—

u=uk

If you imagine a perfect conductor in the presence of an electric field, the electrons will just continue to accelerate
(infinite velocity (though up to the speed of light)).

But in a real material, the electrons will bump into atoms in the material, which can be modeled as a frictional
force proportional to velocity:

Then, at steady state (force is zero):

Therefore:

2There are ferroelectrics but they are rare.
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We call ¢ the conductivity of the material.

2.13.1. Example
Consider a conductor of constant surface area s, length L with a x and a potential difference v, from one end to
the other.

Consider a constant electric field.

L —
V= —/ E-d¢
0
= _FEL
IOW:
v
E=_2
L
And therefore:
R
And by definition:
I=sJ
And therefore:
o oS
I - _TUO
L
=7
Yo So
Define V = IR, therefore:
L
R=—
So
2.14. Joule’s Law
Consider a particle moving under a force:
AW = F -d¢
=q 5. dl
Therefore:
aw . Al
= _—gE =
a
= qE’ -

Consider this in a material, so that ¢ = pdwv:
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Integrate:
P= / JEdv

P is the power dissipated.
Once again consider the conductor of constant surface area s, length L.

Since the electric field is in the direction of the magnetic field:
J-E=JE
P=JE/dv:JEsL

We have Js = I, and EL =V, and therefore:

P=1Vv
For ohmic materials (resistors):
P=1I°R
2.15. Motional Electromotive Force (EMF)
W=—§F-dl
F= q(ﬂ X B)
= quBy
Therefore:
W = quBh
K = ¢ = EMF
q
Therefore:
& =vBh
And
é
I==
R
We can define the magnetic flux:
@:/Bda
= Bhzx
Then, take the derivative:
do dz
— = Bh— = —Bhv=—-¢&
dt dt v

We now have the Flux Rule:
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de

E=——
dt

This applies in general (despite the fact that this was a derivation only for a square loop).

Consider the inertial reference frame of the loop. Then, you can consider this as the magnetic field moving with
velocity v in the opposite direction. Note that this means that the magnetic field is no longer constant with time,
so we are not in magnetostatics.

If you attempt to analyze the situation statically, you will get that the current is ®, which is incorrect.

2.16. Faraday’s Law
do

Since we found that by the above derivation that £ = —3» and then took the inertial reference frame, resulting
in a dynamic situation, we can get the differential form of Faraday’s law:

_ do
dt
Therefore, by the definition of electric potential:
. do
E.-dl=——
$ i
Take also:
d = / B-da
d® [ 0B &
at at ¢
Therefore:
}15 Bai-— [P
ot
. B
/VxE-da:— 8—d5
ot
And we get a new version of Faraday’s law:
. 9B
VXE=———
. Bt
This also exists

2.16.1. Example

Consider a infinitely long cylinder of radius a with time-varying magnetic field E(t) pointing in direction of the
cylinder.

Write E = E(s)@, considering an “Amperian” loop of radius s.

fﬁ.dé’

= E(27s)

Use the formula

37



Note that ® = wa?B(t), and therefore:

2.17. Lenz’s Law
The induced current always opposes the change in magnetic field.

Applying to the previous example, the electric field is in the clockwise direction (assuming that Bis increasing
with time).

This is often the best way to get the direction of the electric field.

2.18. Inductors

Consider two loops in space. Run a current I; in loop 1. Consider the flux ®,,, the flux through loop 2 induced by
loop 1’s current.

S

Using the Biot-Savart law:

5 %hf(wXR
L

1

ol a0 xR
Pz = 47r/5?§ R? da

See that the value Bl is just a constant, and therefore:

<I>12 = L12—’1
Define flux linkage, via the number of loops N;:
A12 = N2‘I’12
And then inductance is:
A
L. — 212
12 = 1,

The above is the typically called the “mutual” inductance.

There is also the “self” inductance:

Lll - I
1

2.18.1. Inductance of a solenoid
Consider a long solenoid of length k with surface area S with N tightly wound loops.

First, recall the magnetic field for a solenoid is
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B = pgnl?
Second, calculate the flux through one loop:
® =BS = pynlS

Third, calculate the flux linkage:

Fourth, calculate L:

A ISN
L=2= @ = p,nSN = pon2ksS

2.19. Symmetry of mutual inductance
Recall:

S

Now, write:

Using Stoke’s Theorem:

Furthermore, we have the formula:
Then, we find the Neumann formula:

This shows that L,, = L.

2.19.1. Example
Consider a not infinitely long solenoid 1 around a second infinitely long solenoid. This is an example of why L,, =
L,, is convenient: computing L, is hard, but L, is easy.

2.20. Magnetic Induction
Recall:

And then, ® = L, ;, and therefore:
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dr
€=-Luyg

t
Similarly, with two loops:
@2 = L21—’1
dr
E=—L,—
12 dt
2.21. Work
Consider P = IV. Therefore:
I
P=¢&I= Li I

aw.

Therefore, since P = 3~

/Pdt [
L—I
/ T dt = /dW
L[ Gra=w

L/IdI:W
12
L—=W
2
1
W = - LI
2

2.22. Example

Consider two loops. First, increase the current in loop 1to some current I; from current 0, and then increase the
current in loop 2 to some current I, from current 0.

Then, the total work is

W= L11[ + L22]2 + Loy 11,

2

This can be generalized to N loops, each carrying current [

W=z ZZLJkIIk

]lkl

Volume formula:

Use the fact that J = MLOV x B:

Further, use:
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Pick a sphere approaching a radius of infinity.

. - X 1 - X 1 o 2
S1nceA—>;,B—>T—2anda—>r,

#ﬁxédé%@
S

1
W=_— [ B*dv
249

Therefore:

We can use this to find the inductance of something since W = %LIQ.

2.23. Example
Consider a coaxial cable with solid inner core of radius a with a uniform current density and a outer shell
(infinitely thin) of radius b. Find the inductance per unit length.

Consider the current on the inner core to be I and the current on the outer core to be I in the opposite direction.

Then, for the inner core, J = —L;.
Consider a Amperian loop of radius r.

First consider 0 < r < a. Therefore, I, ... = I7?/a?. Using ampere’s law and cylindrical symmetry:

_ Holr?

B 27nr 2

B— polr? _ polr

2ma?r  2ma?

Add the direction, ¢.

B— polr
2ma?
FOI’ a < r < b, Ienclosed - I.
B = ol
2mr
Add the direction, &.
g Mol
2mr

Forb < 7, I, oeq = 0, and therefore B = 0.

Consider finding the energy over some cylinder of length £. Now find work:

1
W:—/BQdV
210
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Since for p > b, B = 0, we can safely ignore it.

1 b
W=—2n E/Bdep
200 |

Furthermore we can split the integral into the two parts from 0 to a and from a to b:
1 “(olp 2 /b pol ?
W=—@2nm) ¢ d — d
2N0(ﬂ)()</0 (277(12 pdot | \gmp) PP
612 a 2 b 1 2
([ (@)oo ] ()
@ 0o ‘@ a \P
poll? (1 [ a*
= An (a—4 Z + ln(b) — ln(a)
,uOEI2 1 b
=207 [~ (2
dn (4 TG

Then, using W = 1 LI?, solve for inductance, 2W /I? = L:

_ Mt (1 b
L= (4+ln(a)>

2.24, Laws of Electricity and Magnetism

Gauss’s Law:
v.BE=P"
€o
Unnamed Law:
V-B=0
Faraday’s Law:
. 0B
V-E= 5
Ampere’s Law:
V x B = poJ
Law of Continuity:
- 0
V-J= —a—i’

2.25. Contradiction
Write:



So this is not necessarily true. The suspicious law is Ampere’s law, as the law of continuity only relies on the

conservation of mass, and Ampere’s law relied on magnetostatics.

Start with the continuity equation:

. B
VI =T

.9 R
\% J:—a(ao(v E))
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3. Electrodynamics

3.1. Maxwell’'s Equations

Gauss’s Law:
v.E=Fr
€o
Gauss’s Law for Magnetism:
V-B=0
Faraday’s Law:
. 0B
V-E= 5

Ampere-Maxwell Law:

These laws are correct both in the static case and in the dynamic case.

Now, we also have the force on charges and currents:
F=q(E+7%x B)

3.2. In matter
We define the bound distributions:

py=—V- p
jb - V X M
And furthermore, take the derivative of first with respect to time:

3]3 _ 8pb
Voo T o

And therefore, we can, by the continuity equation, get:

oP -
ot P
Therefore
p=ps+p=p;—V-P
. —. 9P
We define:
D=c,B+P
L1 L
H=—B-M
Ko

And then we can write Maxwell’'s equations in matter:
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V-B=0
. OB
E=-—22

V x 5
. vD
H_

D=c¢cE
L0014
H=-B
n
Then, we can simplify Maxwell's equations in matter:
v E="L
€
V-B=
. OB
\% = ——
% Bt
| . OE
VxB= J —
u( +e€ En )
3.3. Electromagnetic Waves
The single-dimensional wave equation:
O*f  10°f
022 2 Ot2

Where f(z,t) is some function. The solutions are:
f(Z,t) - g('z - Ut)

We can specifically consider sinusoidal waves, since, by the fourier transform, it can be extended, because the
wave equation is linear and therefore you can apply the superposition property:

f(z,t) = Acos(k(z — vt) +6)
Consider specifically w = kv:
f(z,t) = Acos(kz — wt + 0)

Then, the wavelength of this wave is peak-to-peak distance, A = 2« /k, and furthermore, w = 27 f, where f is the
frequency.

We can also express this using complex exponentials:
f(Z, t) — Re{Aei(kZ*“’H‘s)}
— Re{Aeiéei(kz—wt)}
And then, f(z, t) = Aeilkz—wt) where A = Ae®®. It is often convenient to take the real part at the end, which you
can do since the equation is linear.

The wave equation in 3D is:
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(82f+82f+82f> 1082

or2 ' 8y | 822 ) 02 o2
1 0%f

2, — ~ J

Vif= v2 Ot?

(The Laplacian).

Then the solution is:
f@,t) = g(k-7—ot)

For the sinusoidal case:
cos(kz(l} P — vt))

—

= cos@ . r—wt)

And:
3 1 i(fv?—wt)

f(#,t) = Ae

In vacuum, we have p = 0 and J = 0 and therefore:

Then:
VxVxE
0 N
O02E
= “HofoTg2

Mathematically:
VxVE=V(V-E)-V2E

But we know V - E = 0, and therefore V x VE = —V2E, so in sum:

- 0°E
V2E = —
Hoo5

The same derivation can be done for magnetic waves:
_ d*B
V2B = lgeg——-

From this, the velocity is:




We can measure these values, and therefore:

c= =3 x 10® m/s

Ho€o

3.4. Monochromatic Plane Wave
Monochromatic means single frequency, plane waves are only solutions that are constant perpendicular to the

-

direction of propagation (k):

Via previous, we know that w/c = k. Therefore, the only free parameters are direction (not magnitude) and
frequency.

These are not necessarily solutions to Maxwell's equations, we only know that every solution to Maxwell's equations
is a solution to the wave equation.

First, apply Gauss’s law (for electric and magnetism):
V-E=0=k-E=0
V- B=0=k-B=0
Therefore, the direction of the field is orthogonal to the direction of propagation.
VxE=Vx (EO exp(i(ié . ?—wt)))

. OB
VXE=——
8 ot
By = L (i x By)
w
Therefore, the magnetic field must be orthogonal to the electric field.

Furthermore:
. 1 -
B,| = -|E
[Bo| = Z[Bo]
Consider if E, = E,, and k = k2, then this directly implies that B, = (E,/c)3.

This applies in a vacuum, and applies to all sorts of transmissions: gamma waves, microwaves, ultraviolet, visible
light, infrared, radio waves, etc.

A very similar derivation can be done in a material, and you get a very similar result. The wave equations still
apply, and they remain orthogonal. The velocity is now:

This can sometimes have v > c. This does not mean that information travels faster than light, just that the phase
velocity is greater than ¢, which is fine.

Write:
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This is the index of refraction of the material.

3.5. Poynting’s Theorem
The continuity equation is:

Where Q = fv p(7,t) dv.

The energy in an electric field is:
_ 80 -2
W, = / |E|" dv
In a magnetic field:

1 o2

W, = — / |B|” dv
2419

Therefore the total energy is U,,, = W, + W,, the sum of the energy in the electric and magnetic fields.

The work on a small particle is:

and

where df = 7 dt.
Then:

dw=q(E+9x B) -vdt
dw = ¢E - vdt
Notice that this means that magnetic fields do not do work.

Write ¢ = pdv. Then:

dw = /pE"TJdvdt

d .
w:/pE-D'dv

dt
dw S o
—= | E-Jd
dt / Y
Recall that:
V x B = poJ + gotio ot
Write:
.1 . OFE
J = “—O(V X ) — 805
Then:
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dw o 1 _ OE

1 [~ . Y
= — E-(VxB)dv—eo/E-a—dv
Mo ot

a1 (1 R 1= 1 Doy
=_&[/§(50’E‘2+M—O‘B‘2)d]—#—O#(EXB)-da

d 1 Lo
:—E[Uem]—M—O#(ExB) -dd

Define:
§-LixB
Ko
Then:
dw dUu,,, >
a - At # 5 da

And therefore:
dUu,, dw oL
a -t # 5 da

Therefore, there are two ways that the energy could change. Either, the particles did work on something (%)’ or
the energy flowed out the volume (£f S - dd).

3.5.1. Example: Monochromatic Plane Wave

Let:

E = E,cos(kz — wt)&
Therefore:

B= % cos(bz — wt)y
Define:

Uz/udv

2 2
_=lE[ | [B]
T2 T2y

Where we have energy density:

u

Insert values:

1 1
u = ~E2 cos?(kz — wt) (5 + )
2 0 0 02/-1/0
1
= §E§ cos?(kz — wt) (e + €¢)

1
= §E3 cos?(kz — wt)(gg + &¢)
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= ¢, F2 cos?®(kz — wt)
What about the Poynting vector?
- 1 - =
S=—FExB
Ho
—FE2cos?(kz — wt)?
o o cos®(kz —wt)2

= ceg B2 cos?(kz — wt)2

=cuz
So this shows that the energy is flowing in the direction of the propagation at the speed of light.
Consider now the time-averaged Poynting vector, denoted <5‘> Then, since cos?(6) = (1 + cos(26))/2, it is clear
the average of the cosine is 1/2. Then:
1
S) = =ce E?2
Sometimes this is denoted I, the intensity. This is in watts per square meter.

3.6. Interface between materials
Consider a planar interface on the zy-plane, where towards —Z, the permittivity is €, and the permeability is y,
and towards +2, the permittivity is €5, and the permeability is ys.

Consider a propagating wave normal to the plane with an associated f(I and EI (I for incidence) becoming a
wave with a K- and E. (T for transmitted).

Then, we will use the boundary conditions:

El = El
Ll iBﬂ
M Mo

There will also be a field K and E, (R for reflected).

Define
1
Ul -
VH1EL
1
Vo =
? vV H2E2

B, = Erogitesang

i i(—kz—wt) 4
ER—EROe( 1 )%

BR - _ ei(—klz—wt):g

B _ ETO ei(szfwt)g
Vg
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Recall that:
kE=w/v

So the only unknowns are E;, Er, E1o. We will consider E;, as a known.

Then:
E =E,+Ex
B_ == BI + BR
+=Er
B+ - ET
Therefore:
El=El > E —E,
Ejy+ Ery = Eqg
Furthermore:
1 1
—Bl=—Bl =B =B,
e Ho
1 1
—(Bro + Bro) = —Brg
1 15
1 1
= (Ejg— Egy) = E
1, 10 RO 11y T0
So we have the equations:
1 1
(Ejg— ERp) = E
vy 10 RO 11U T0

Ejy+ Egry = Erpy

These can be solved. We will do so by defining

N1
125X

And then:

1-p5
- "F
1+8 10

2
En=—F
TO0 1+6 I0

3.7. Intensity
For a plane wave:

I =-evE}
So an for an incident wave:
_ 2
I = seyv, B

51



Then, the reflected and transmitted intensities are:

1

Ip = §€1U1E12%0
1 2
Ir = §€2U2ETO

Consider the special case where p; = p,.*

Then:

Notice that R+ 71 = 1.

We can simplify further, where n = <.

2
- (32)
N1 + Ny

4n ng

T = 5
(nq +ny)

3.8. Reflectance in practical situations
Consider the fact that for air n = 1, so for glass, where n = 1.5:

R =4%,T = 96%
For silicon, where n = 3.8:

R =40%,T = 60%
3.9. Oblique Incidence (Fresnel Equations)

Consider a planar interface on the zy-plane, where towards —Z, the permittivity is €;, and the permeability is p4,
and towards +2, the permittivity is ¢,, and the permeability is pu,.

3In general,

R— (fwz—my _ (1—ﬂ>2
HaVg + 11y 1+ 4
T— Apgvippvy 4B

(1 + pavp)® (L4 5)?

It is still the case that R+ T = 1.
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Consider a propagating wave with an associated K; and E; (I for incidence) becoming a wave with a K and E;.
(T for transmitted). There will also be a field K and E. (R for reflected).

Define 6;,6,,, 6 for the angles relative to the normal that the waves are at.
By = Bryexp(i(Fy - 7 — wt))
B = Bryexp(i(kp -7 - wt))
By = Broexp(i(Fp - 7 — wt))

We will also have the magnetic fields:

&z%@xﬂ)
BR:%@@xE@
Br:%@@xﬁﬂ

We know:

So we will get something like:

-

() exp(i@l T — wt)) + (-) exp(i(%R T — wt)) = () exp(i(kT T — w))
For the parallel components.

Therefore, on the boundary, so r = z& + yg, we need to have:

':Ekllw + yk;]y
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= tkpy + Ykpy
= xkp, + ykTy
This must hold for all z and all y, so this implies that the values are equal:
ko = kre = ke
kry =kgy =k,
With this we can construct the 1st law of reflection.

The reflected, incidence and transmitted wave all lie in the same plane, the plane defined by the incident wave
and normal vector of the interface. Consider if we have an incidence wave in the zz-plane, and the normal vector
in the —Z£ direction. Then, k;, = 0, so kg, = 0 and kr, = 0, so these are all in the zz-plane.

For the second law, due to the fact that projecting on the normal vector results in k;, and k;,, and we know they
are equal because they are equal in magnitude, and the x and y components are equal by the previous boundary
conditions, we have:

but since k; = kp, as they are in the same material, we have:

sin(f;) = sin(fp)

SO
For the third law:
n
ky = 2k
I g T

and then, plugging into:
we have:

sin(fr) _ ny

sin(6;)  ny
So if n; < ny, light bends toward the normal, and if n; > n,, light bends away from the surface normal.

So we now know the direction of the reflected and transmitted waves, but not yet the amplitude.

First, for the incident wave:

Then, using the boundary conditions:



First, our variables are:

E,=E}
Then:
e1(Bro+ Epo) | ==a(Ero) |
(Bro+ Bro) = (Bro) |
(Bro + o), = (Ero),
- (Buo+ Br), = - (Bro)

Let us assume that the electric field is in the xz-plane. For homework, the electric field will be orthogonal to the
xz-plane. With those two facts, you can create any wave through the superposition principle.

Then, we have:
€1(—=Eosin(0;) + Eggsin(0g)) = e5(—Erq sin(fr))
E;ycos(0;) + Eggcos(8;) = Eqg cos(0p)
1 1

(Erg— ERp) =
K10 1o R0 125X

ETO

The first two equations is are taking the perpendicular and parallel components to the plane of the interface, by
trigonometry.

The third equation is because the magnetic field is perpendicular to the electric field and the direction of
propagation, and is therefore entirely parallel to the plane of the interface, so the perpendicular boundary equation
for the magnetic field immediately simplifies to 0 = 0, and B, = B for the parallel boundary condition.

To solve these equations, we will use 0 = 8;, and then sin(6) = Z—; sin(f;). Notice that this means that both
sides will have a sin(f;), so you can remove that from both sides.

From the first equation, this will result in:
Ero — Epg = BEqyg
Where, like before:

KU1 B TNg

HoUa  HaTy
Then, from the second equation:
B+ Epg = aEryg
Where:

_ cos(07)
cos(6;)

This results in the Fresnel Equations:
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a—f

a+ /3 10
2

Ery=——F
TO (¥_+_[3 10

ERO =

3.10. Brewster’s Angle

Consider what happens when a = 8. Then, a — 8 = 0, so this implies there is no reflected component (at least
when the electric field is “along” the board).

Using the law of reflection:

Y1 (EsinGo)?

cos(;)

o =

Then, solve for a = f:

1—p?
(i)~
= 1.45), this implies 65 = 56°.

sin?(0p) =

For the glass-air interface, (n,;, = 1, g,

For 1, = s, we can simplify where g = £272 = 22

sin?(6 )
(8-1)° - B2
1— 2
"
(1—p5%)p
(872 —pB?)B
(1—p5%)p
1—p4
(1—p%)p
(1—=p%)(1+5%)
[32
1+ 52

n, __ -1,
son—;—ﬂ :

tan?(6)

Then, consider the fact that sin?(8) = Trtan?(8)"

so:
[32

1+ 6?2

tan’(0) B2

1 +tan2(g) 1+ B2

Sin2 (GB) =

So, clearly tan?(0) = 82, and so:

tan?(f) = 82

tan(fp) = B
tan(fp) = Z—j



n
0 = arctan (—2)
ny

3.11. Critical angle
Consider:

sin(f,) = Z—; sin(6;)

Consider a situation where §; = 6, = sin™! (Z—f), (where 6 denotes the “critical angle”).

sin(fy) = — sin (arcsm (—2) )
n n
2 1

Then:

nyn
in(@..) = L2
sin(6) .
sin(6) =1

which implies that 6, = 90°!

So consider a situation where 6; > 6. This can be possible since n; and n, can occupy any positive values, so if
Z—f < 3, then you can add a bit (¢) to achieve sin(6;) = sin(arcsin(ﬁ—f + 5)), and this then implies that sin(6,) > 1.
How is this possible? If 6, is complex! Take:

) _exp(if) — exp(—if)
sin() = 5

And we do now have an inverse. Consider the identity:
cos(f) = 4++/1 — sin?(6)
So this implies that cos(6) is purely imaginary if sin(6,) > 1. So:
cos(fp) = +iy/sin?(6,) — 1
Then:
Er = Epq exp(i (%T T — wt))
Consider where ¥ = xZ + zZ, along the interface. Then:
7
. (xsin(0p) + z cos(0r))
t(w sin(fp) + iz4/sin?(0,) — 1)

I
> &
o~

And therefore:
ET — E”Toeikma;—wte—xz
Where
k, = kpsin(6r)
and
X = k/sin(67) — 1
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This implies that the wave is now decaying, as we have the term e™X%,

For the reflected wave:

a—p
Epy=——F
RO g 10
Where:

_ cos(0r)
cos(6;)

and

MU
125X

Then substituting:
cos(0p) = i4/sin?(0p) — 1
Therefore;

. 2 _
N Zi\/sm (0p)—1
cos(6;)

Where ~ is a real number. Then we have:

iy —f8
-1 g
RO ’L"}/-f—,B I0

So then:

2 .
Ir _ | Erol _ [iv — B _
I; B> liv+ B2

1

In glass, 0 = arcsin( 4=

) ~ 41°. This is used in fiber optics to efficiently transfer energy.

Conversation of energy is maintained since the energy “leaking” out through the interface has a constant amount
of total energy (integrating over all space with %ﬁff E? dv will be finite), so after the plane wave has been on for
a while, there is no additional dissipated energy, so the reflectance being 190% still makes sense.

3.12. Electromagnetic waves in conductors
We have Maxwell's equations:

v.B="1
g
V-B=0
. OB
VX —E
. .  OE
B= -
V X ,u<.]+eat>

From the continuity equation:
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vuﬁ——ﬁg
Then, with ohm’s law, J = o E:
vw@——%g
v jf = %
~V - (oE) = %
—U(V . E) = %

This equation is separate and therefore solvable (further because it is a linear differential equation, it is an
exponential):

With:

We can write this as:

t

pr(t) = py() exp ()

In a good conductor, 7 ~ 10719 s, but in a insulator, 7 can be on the order of months.

Then, because of this very quick exponential decay, we will characterize conductors as materials such that 7 ~ 0,
so py = 0.

Using Ohm'’s law, and the previous approximation, we can transform the equations:

V-E=0

V-B=0
. OB
VXE=—%

Take Faraday’s law:

. o -
E=——8
V x 5
VXVXE—VX—QE
N ot

. 9 .
E=—— B
V x V x ath
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Then, also alternatively:
VxVxE=V(V-E)-V2E
V x V x E =V(0)— V2E
VxVxE=-V2E

So:

Similarly:
L 0
V2B = u (a%—f + E%Tf)

Let us take a plane wave propagating in the 2 direction:

E = 2E, exp(i(8z — wt))
Also, we still have the fact that B is perpendicular to E and the direction of propagation, so:

B = 9By exp(i(Bz — wt))
Therefore, we will have from the V2E equation:

—B2Eq exp(i(fz — wt)) = —pew? Ey exp(i(Bz — wt)) — ipowEy exp(i(B8z — wt))
—B? = —pew? —ipow

B% = pew? +ipow

Therefore:
B =/ pew? +ipow = k, + ik;
These are:
el o\?
k,=w —\ 1+ (—) +1
2 cw

Then, we have in sum:

—

E = &E,exp(—k,;z) exp(i(k,z — wt))

Based on the exp(—k;z), the electric field is dissipating. This makes sense, since the non-infinite conductivity is
converting electric energy into heat.
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From this we define the skin depth:

K
Which, conceptually, is similar to a time constant 7, but for distance.

For 10 GHz waves:

Material Skin Depth
Aluminum | 0.82 pm

Copper 0.65 pm
Gold 0.79 pm
Silver 0.64 pm

To get the magnetic field, we have:

Then, we know that:

o
ot
V x E = ) Byiw exp(i(fz — wt))

= —§Byiwexp(i(Bz — wt))

Furthermore:
N oF
VxE={g—=%
y 0z
= §JifE, exp(i(fz — wt))
Therefore:

JByiwexp(i(fz — wt)) = §ifE, exp(i(Sz — wt))

p
B, =ZE
0 w 0

Notice that 5 is a complex number, so this means that the magnetic field and electric field are not necessarily
in phase.

Write:
8 = ue¥
o\ 2 1/4
U= wy/El (1 + <5) )
And then:

= arctan ki
v= k

T
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3.13. Reflection at a conducting surface
Consider an interface between two materials, in the xy-plane, where z = 0. Then, where z < 0, consider properties
€1, 41, and where z > 0, 5, 115, and where there is a conductivity o.

Then, we will consider a wave, where we define the following:
E; = 2Eexp(i(k,z — wt))
Ep = £Epgexp(i(—k,z — wt))
Er = 2Epy exp(i(kyz — wt))
Note k; € R, but &, is complex!

Then:

o k .
By = y;lElo exp(i(k;z — wi))

-

Bp = —@%ERO exp(i(—kyz — wt))
By = 52 Bpg expli(ky2 — 1))
Defining the variables on the left and right:
E, =E;+Eg
Ez = ET
Considering boundary directions:

Ery+ Ero = Epg

ky ky
—(E;y— Egy) = —=F
1w I0 RO 1o T0
Define s:
uik
6 — 172
Hoky
Then, the solution is:
1-8
Ery=—-F
RO 1+6 I0
2

Epy=—FE
0= 1410

Now, split &y

2
k, = w %\ 1+(1) +1
EWwW

o\ 2
=y = 1+(=) —1
ki =w 2\ +(5w)
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Then, if o, the conductivity, is very large, this implies that 3 is very large, and then, as ﬁlim % = —1, nearly all of
— 00

the electric field is reflected. This is why metal is reflective. For instance, silver is 95% reflective.

3.14. Frequency Dependent susceptibility
In a linear isotropic homogenous material:

P = €0X8E
X. is the susceptibility.

But, x, can often depend on frequency, so x. = x.(w). Previously, in statics, we were only concerned about statics,
but we can broaden the scope.

But, this x, was based on the Lorentz model where the electrons are considered to be connected by springs, but
those springs don’t instantly respond, nor do they instantly settle! Furthermore, there will also be a resonance
frequency for the springs.

Previously the dipole moment was defined by:

i1l
I
Q
=

where « is the atomic polarizability.

Then:
P = Np=NaFE =¢,x.E
Where N is the atomic density.

So, therefore:

For a general problem we have:
F=F +F.+F

Where F, is the restoring force, F,, is the external force from the electric field, and E is the frictional force, which
usually comes from either radiation or interactions with other atoms in the lattice.

F. = —mwiz
k
Wy =4/ —
0 m
F:ext = qE
dz
F,=—my—
d det

So we have 2 material parameters, w,, the resonance frequency, and .

Note that for a spring, w, = \/k/m.

Therefore, we have:
r — Lext

d
M= -y + mwde = Fy, = qE(t)
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d?z dz qE(t)

+u2p = 20
m

ETRRETS

So, this is clearly a non-homogenous linear differential equation, so finding the general solution is easy after

finding any single solution for some particular F,. It is also clearly a damped harmonic oscillator driven by the
electric field.

We will write:
E(z,t) = & Re{E exp(i(kz — wt)) }

This does not actually restrict the electric field, since we can take the Fourier transform to decompose the field
into its frequency components.* Also, note that you can rotate the problem so that £ is the direction of the electric
field, and 2 is the direction of propagation. This also implies that & is also the direction of displacement.

Now, since all the forces are along the & direction, we can just treat everything as a scalar. Furthermore, since
this is linear differential equation, we know that the input and output frequencies will be the same. So then:

=
\.N
~
~—
Il
=
[¢)
=
8
[¢]
"
ko)
—~
=
_
N
|
)
NS
~—
~—
——

By linearity, we will consider:

Taking derivatives:

z'(z,t) = —iw exp(i(kz — wt))

1" (2,t) = —w?T exp(i(kz — wt))

Now we can plug this into the differential equation:

d%z dzx ) 4E(t)
E (kz — wt
—w?F exp(i(kz — wt)) + y(—iw exp(i(kz — wt))) + wiF exp(i(kz — wt)) = gF exp(i(kz — wt))
m
E
—w?F + y(—iw?) + Wi = Kl

Then, to solve for Z:

E
—w?F + y(—iwZ) + wiE = Kt
m
2 2 i Nm ﬁ
(w§ — w? —iyw)T -
i=— U™ __p

- 5 .
Wi — W — yw

From this, as p = ¢, and p = aE, then:

*And with complex k, the field even need not continue forever.
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wg —w? —iyw
From above:
Nao
Xe = —/
€9
Therefore, in sum:
Nq2
Xe(w) =

gom(wi — w? — iyw)

er(w) =1+ x.(w)
e(w) = gpe, (W)
This works best in gasses, in solids the band structure messes things up.

If w ~ w,, then you have a very high x.. Then, the imaginary part of x, represents the damping of the electric
field through the material.

Note that then, k = (nw)/c = wy/1 + x./c =k, + ik;
Because if x, is complex, k is as well.

Then, the intensity is I oc |E|? « e 2*i#, and then there is a different «, the absorption coefficient, defined as

3.15. Free Electrons
This can be considered the same as above but with a spring constant of 0, and therefore w, = 0. Further, ¢ =
e. So:

Ne?

S
&) gom(w? + iyw)

If we assume v < w:

Ne?
meyw?

~1—

Then, ¢, is negative when w < w,, (p is for plasma, where plasma is referring to the electron plasma formed from

free electrons):
Ne2
W, =4[——
P me,

Then, this means that n = /€, is purely imaginary, so the waves formed are evanescent waves.

2
)\p: Zne ~ 120 nm
Wp
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